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Introduction

@ Long term goal: field theory via the variational bicomplex in the setting of NCG
— Jet bundles

@ Vector bundles in non-commutative geometry: use Serre-Swan theorem

vector bundles E — M <= fgp C°°(M)-module £ =T (E)
kth jet bundle JXE — M <= fgp C>°(M)-module 7§

o Atiyah exact sequence of C*°(M)-modules:
0 Q' Qcoomy € > Tg > E—0
splittings jé: E— Jé- <= connections on &
where the C°°(M)-module structure on ‘761' ~Ep Q! ®coo(m) € given by
f(stw)=Ffs+df ®s+ fw

In NCG (C>®°(M) — A):
o Construct A-module Jgk such that jg: E— Jé‘ is a module map
= Connections V, braidings o, Yang-Baxter equation
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Quantum differentials

o First-order differential calculus (A, Q!,d):

o an A algebra over k
o A-bimodule Q'
o differential d: A — Q! obeying the Leibniz rule

d(ab) = (da)b + a(db)
o Q' = AdA = {adb|a, b € A}

o Extended to DGA Q = @, Q" = TaQ!/Z for some ideal Z, with d?> = 0 and
product A: Q7 @4 Q™ — Q7

lwlln]

o In general w A # (—1) nAw.

@ Question: How to build higher derivatives?
= Connections
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Quantum differential geometry

@ Connections on an A-bimodule &:
Ve €5 Q' oaE, og €@ 5 Q' @€
come with ‘generalised braiding’ o¢ for the Leibniz rules (f € A,s € &)
Ve(fs) =df ®as+ f(Vgs), Ve(sf) = (Vgs)f +og(s®adf).

@ Tensor product connection: V¢,V r on &, F induce a tensor product connection
on £ @4 F denoted by V8®A]-'-

V5®A]: =Vg ® id + (a‘g ®id)(id ® V]:), TE@ F = (Ug ®id)(id®0']:)

& F Q!

(}:’
V‘F /O'

QleF Ql'sf Qe F
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Quantum differential geometry

Case £ = Ql:
0 Vagi: ' = Q@4 QY 0g1: Q' @4 QF = QT ®4 Q1
e Torsion TVQ1 : Q! — Q2 and curvature Rvnl T 5 2,00

Ty, = AVar —d, Ry, = (d®@id —id A Vg1)Va
Ql Ql Ql Ql
T <>VQ, ~ R, - Vo _ Vo
Vn‘ _/\ V(I‘ - VQ]
QZ QZ A

° TVQ1 = 0 implies A(id + 1) = 0.

QlQl Ql Ql QlQl Ql Ql

(18] - U

ot Q'or
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First and second order jets

o Caseof MXR — M, ie. E=C®(M)=A
Definition: The first and second order ‘jet bimodules’ jj,jAQ and jet prolongation
maps j1: A — jj,j2: A%Jj
Jr=Ae 0l T2=AaQ @0,
J1(s) = s +ds, J%(s) = s+ds+ V2s.

o Quantum symmetric forms Q% =kerA C Q' ®4 QL

o ‘Second-order derivative'
V2 i=Vqd: A= Ql @, Q!
ds = 8;sdx’ = Vs = 0;0;s dx' @ dx/ + - --
o ‘Second-order Leibniz rule’ for s,r € A
2 2 2 2
Ve(sr) = (Vs)r+ 1ioat ds®dr+sV-r

where [3;0q1] =id+ 0qi: @ @4 Q! — Q1 @4 Q1 is a ‘braided binomial"
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First and second order jets

o JA=A0Q ji(s) =s+ds,
0 J2=A0Q @ 0%, j%(s) =s+ds+ V3s.

Proposition

Given (A,Q,d) and Vg torsion free, then J3,J3 are A-bimodules with the actions
(acA)

ae) (s+wi) = as+ (da)s + aw:r (s+wi)e a=sa+sda+wia

on(s+w)€TJi=AdQ and
5 2
ae(s+wi+w)=ae(s+wi)+(V°a)s+ 1;091 da ® w1 + aws
5 2
(s+wit+w)ea=(s+wi)erat+s(Va)+ 1;091 w1 ® da + woa

on (s +wi +wn) € jj =AQQ' @ Q%. The jet prolongations j, j? and obvious
projection T : jj — Jj, are bimodule maps.
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Jets to all orders: ingredients

@ For any k we take

k k

Jj{:@ﬂé A= Tk jk(s):s-i—ds-i-zvjs7
j=0 j=2
with the space of ‘Quantum symmetric forms' and ‘jth order derivative' given by
Qs = (kerA; C (), V= Ve - Vad: A— (@)%

@ For k = 3 and higher we need to impose extra conditions.
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Jets to all orders: conditions

a) 1

o ol olo! b) ol
So. & U000 f B
A "oA A Vo
0? 0? 0? 0? A
0* 0! 02 Q'
) 000! 000! d) 000! 000!
O _ g
H.(]W A “ /\/K"uzm ”\UO' O N/\
0'Q? o' Q? 0 Q' 0 o'
® Qo 10! H oo o o' ot o
v ni L /\>) -
@)*| ~ / NCI O
%2> (
'0'0!

Figure: a) Torsion free, b) flat, c) A-compatibility, d) extendability, e) Leibniz compatibility, f)
braid relations.

ot Q 10! ot

o' ot oo o
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Leibniz compatibility

@ The ‘Leibniz compatibility’ condition

ol o0!
Z

leads to the ‘kth-order Leibniz rule’

VK(sr) _zk; [’f;aﬂl} (VK Is @ Vir).

@ Braided binomials [jf;a] S (QN)®K — (QL)®K

k o k| k-1 P
[0,00.]:“1 ; [],,UQ.] [ ; /‘Tm] + [I;-_ll;%'}
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Jets to all orders

Let Vo1 be a torsion free, flat, A\-compatible, extendable, Leibniz-compatible and with
o obeying the braid relations. Then J/"‘, jK A J/"‘

k k

5= Do F6) =+ ds >,
Jj=0 j=2
form an A-bimodule and bimodule map with actions e, given by

ae,wj :jk_j(a)®wj, wj 8 a = wj @ j*(a),

for wj € Qg. Quotienting out Qg gives a bimodule surjection my : .,’7: — .,’7:71 such
that m, o jk = jk=1.

4

o Unital associative product on Qs = @75, Q’s o= H;anl] : Q’;fj A QJS - QL

@ Infinite jets: define J77° as the colimit of

s TR T s s T T = A
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Concluding remarks and Outlook

Further remarks:
o Examples: M>(C), S3, fuzzy R3, k-Minkowski spacetime
@ Vector bundle case jgk = \7/‘“ ®a €

o A-bimodule £
o Connection V¢ with o¢ satisfying ‘coloured braid relations’ (among others)

& Q' Q! & Q' 0!
og //g _ /\>)ng\

Q & Og og
Ta1 > / (
Qo' e 'Ot s

e Qs C Tj”Ql = (TaQ, ®) has the structure of a braided-Hopf algebra

o Approach with endofunctors (Flood, Mantegazza, Winther arXiv:2204.12401v1)
Next steps:

o Computation of further examples (fuzzy sphere, ...)

o Case with RvQl # 07

o Variational bicomplex
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Thank You!
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